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Quantum technologies are built on the power of coherent superposition. Atomic coherence is
typically generated from optical coherence, most often via Rabi oscillations. However, canonical
coherent states of light create imperfect resources; a fully-quantized description of “pi
2
pulses” shows
that the atomic superpositions generated remain entangled with the light. We show that there are
quantum states of light that generate coherent atomic states perfectly, with no residual atom-field
entanglement. These states can be found for arbitrarily short times and approach slightly-number-
squeezed pi
2
pulses in the limit of large intensities; similar ideal states can be found for any (2k+1)pi
2
pulses, requiring more number squeezing with increasing k. Moreover, these states can be repeatedly
used as “quantum catalysts” to successfully generate coherent atomic states with high probability.
From this perspective we have identified states that are “more coherent” than coherent states.
Coherence is the quintessential property of quantum
systems. Underlying interference, coherence plays a role
in optics [1, 2], atomic physics [3, 4], and beyond, and in
multipartite systems is also the defining feature of entan-
glement. Our exquisite ability to manipulate coherence
paves the way for applications from quantum information
to quantum thermodynamics, and likewise the success of
these applications depends on our ability to prepare and
measure quantum coherence. In this paper, we consider
the limits of standard approaches for transferring maxi-
mal coherence from light to atoms and identify optimal
states of light with coherence properties that outperform
all standard approaches.
That quantum mechanical systems permit coherent su-
perpositions provides a resource for quantum tasks [5, 6].
For example, quantum coherence can be used to drive
energy transfer between two systems at thermal equilib-
rium [7, 8], a task forbidden by classical thermodynam-
ics, helping launch the nascent field of quantum ther-
modynamics [9–12]. This realm of ideas led to signifi-
cant development of resource theories for quantum co-
herence, which quantify the usefulness of quantum states
for achieving various tasks [13–18].
In the simplest quantum system, a two-level atom de-
scribed by ground and excited states |g〉 and |e〉, the most
useful states are pure-state superpositions with equal
probability of being found in either energy level. In some
ways, these states behave like 50 : 50 probabilistic mix-
tures of ground and excited states, while the states’ co-
herence properties confer additional wavelike behaviour
that cannot be described by probabilistic mixtures (see
Ref. [19] for an interpretational discussion of this dis-
tinction). Such superpositions and their corresponding
large dipole moments enable, among many other exam-
ples, the aforementioned quantum engines [7], quantum
thermometers [20–23], teleportation and quantum cryp-
tographic schemes [24, 25], quantum logic gates using
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Rydberg atoms [26–30], and even the creation of super-
positions of atoms and molecules [31]. The interactions
between these atoms and light can be controlled exceed-
ingly well in cavities [32], including being implemented
in cavities made from quantum dots [33] and supercon-
ducting circuits [34, 35].
The typical method for producing this resource is an
interaction between a “coherent state” of light [1, 2] and
an atom in its ground state. When an atom interacts
with a classical field near resonance, it behaves like a
spin in the presence of a magnetic field, exhibiting “Rabi
flopping” [36]. This leads to coherent oscillations be-
tween |g〉 and |e〉 at the Rabi frequency Ω0
√
n¯, where
n¯ is the intensity of the field in units of single-photon
intensity, such that a “pi2 pulse” perfectly transfers the
atom into a coherent superposition of |g〉 and |e〉 after a
time Ω0
√
n¯t = pi2 . According to this semiclassical descrip-
tion, coherence between |g〉 and |e〉 is perfect, and the
oscillations continue indefinitely in the absence of spon-
taneous emission or other broadening. But this picture
is modified by quantization of the electromagnetic field,
the quantum uncertainty in photon number leading to
a spread in Rabi frequencies, and thus a progressive de-
cay of the oscillations; the discrete nature of these Rabi
frequencies is at the origin of the famous “collapses and
revivals” of Rabi oscillations [37], one of the phenomena
long studied for its role in experimentally demonstrating
the quantum nature of light [38].
The quantum analog of a pi2 pulse is intrinsically im-
perfect. Since the pulse area is proportional to
√
n¯, an
uncertainty in photon number amounts to an uncertain
pulse area, and atomic coherence that never attains its
theoretical maximum; on the other hand, although the
∆n → 0 limit leads to perfect coherence between |g, n〉
and |e, n− 1〉, the fact that the field has complete welcher
Weg information about the state of the atom means that
the atom is in a completely classical, incoherent, mixture
of |g〉 and |e〉. In both limits, entanglement between the
atomic state and the state of the light prevents the atom
from being completely coherent. (For pioneering stud-
ies of the atom-field entanglement in Jaynes-Cummings
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2settings, see for instance [39–45]) .
Below, we address the question of what the maxi-
mum coherence transferable from light to an atom is,
and which quantum states of the light achieve this. We
find quantum states that can produce perfect atomic co-
herence with no residual atom-field entanglement, but
that these states are markedly different from the canoni-
cal coherent states – although they share some important
properties. The transcoherent states in this optimal fam-
ily generalize pi2 pulses to quantum descriptions of light
and can be used as precursors, or maybe even catalysts
[8, 46],1 for creating optimally-coherent atomic states.
I. THEORETICAL CONTEXT
We are seeking states with maximal coherence (off-
diagonal matrix elements) in the energy eigenbasis; i.e.,
states that maximize the absolute value of the dipole mo-
ment |e〉 〈g|. Maximally coherent states have the form
|g〉+ eiφ |e〉√
2
, (1)
where φ is any real phase difference. Free evolution of
the atomic system leads to a periodic evolution in φ at
the resonance frequency ω, so creating an atomic state
with any φ is sufficient for creating an atomic state with
arbitrary φ.
We consider a single mode of the electromagnetic field
with zero detuning from the atomic resonance; its cou-
pling to the atom can be treated using the well-known
Jaynes-Cummings Hamiltonian:
H =
Ω0
2
(
aˆσ− + aˆ†σ+
)
, (2)
where Ω0 is the vacuum Rabi frequency, σ± is the atomic
raising (lowering) operator |e〉 〈g| (|g〉 〈e|), and aˆ (aˆ†) an-
nihilates (creates) an excitation in the field mode. This
interaction preserves total excitation number, coupling
pairs of atom-field states |g〉⊗|n+ 1〉 and |e〉⊗|n〉, where
|n〉 denotes a field state with exactly n photons. A gen-
eral atom-field state as a function of time is given by
|ψ (t)〉 = cg,0 |g〉 ⊗ |0〉+
∞∑
n=0
cg,n+1 (t) |g〉 ⊗ |n+ 1〉
+ce,n (t) |e〉 ⊗ |n〉 .
(3)
From this general expression we can evaluate the atomic
coherence at any time for any set of initial conditions.
It is easy to see that if one begins with the field state
that would be produced by (1) interacting with the vac-
uum for a single-excitation Rabi period Ω0t = pi (a
1 The catalysts of quantum catalysis are changed by backaction
and might be termed pseudo-catalysts.
“single-excitation pi pulse”),
|0〉+ eiφ |1〉√
2
, (4)
one can wait the duration of a single-excitation pi pulse
to perfectly create an coherent atomic state. The co-
herence present in the optical state, together with lin-
earity, leads to perfect coherence transfer to the atom.
Of course, the single-photon Rabi frequency is generally
quite low, meaning that it would take a long time to gen-
erate coherence in this way. To transfer coherence more
rapidly, higher Rabi frequencies, and thus higher photon
numbers, are required. We presently show how this pro-
cedure generalizes to optical states with more than one
photon.
There are many equivalent ways of expressing the co-
herence in a two-level atom, most of which involve the
atomic reduced density matrix
ρ(t) =
∑
n
〈n|ψ(t)〉 〈ψ(t)|n〉 . (5)
If the reduced state is pure and equal to (1) for some φ,
which without loss of generality can be absorbed into the
definition of |e〉, we say that the atomic state is perfectly
coherent. Thus, a simple-to-state goal for creating a co-
herent atomic state is that ρ(t) be the +1 eigenstate of
a projection operator formed from (1), and we explicitly
set φ to 0. A measure of coherence could thus be the
probability of measuring the system to be in one of the
eigenstates:
P (t) =
〈g|+ 〈e|√
2
ρ(t)
|g〉+ |e〉√
2
. (6)
Another measure of coherence is given by the size of the
off-diagonal elements of ρ(t) [15]:
C(t) = |〈e| ρ(t) |g〉|+ |〈g| ρ(t) |e〉| = 2
∣∣∣∣∣
∞∑
n=0
c∗e,n (t) cg,n (t)
∣∣∣∣∣
= 2P (t)− 1.
(7)
The properties of 2 × 2 density matrices enforce the
bounds 0 ≤ C, P ≤ 1, allowing these metrics to evalu-
ate the coherence transferred by non-optimal and near-
optimal states of light.
The eigenstates of H are simple to state:
|±, n〉 = 1√
2
|e〉 ⊗ |n〉 ± 1√
2
|g〉 ⊗ |n+ 1〉 . (8)
Combinations of the eigenstates |±, n〉 transfer probabil-
ity back and forth at quantized Rabi frequencies, which
increase with n:
Ωn = Ω0
√
n+ 1; (9)
states with different total excitation numbers n + 1 are
not coupled by the JCM. An initially-separable atom-
field state with exactly n+1 excitations is again separable
3after the two subsystems completely swap an excitation,
which happens over the duration of a quantized pi pulse
Ωnt = pi. These oscillations in probability are exactly
the same as in the semiclassical treatment of the prob-
lem (when n¯ is taken to be the total excitation number,
i.e., the photon number when the atom is in the ground
state). However, for the duration of the Rabi period, the
atom and field are entangled, and the atomic coherence
vanishes for all time C(t) = 0. Superpositions of states
with different numbers of excitations are necessary in or-
der to build up atomic coherence.
II. CREATING ATOMS WITH MAXIMAL
COHERENCE
The most experimentally-friendly state from which to
create maximal atomic coherence is an atom in its ground
state. The simplest method for creating maximal coher-
ence couples an atom in its ground state with the super-
position state given in (4). After half of a vacuum Rabi
period, the excitation in |g〉 ⊗ |1〉 is entirely converted
into an atomic excitation |g〉 ⊗ |0〉, while the |g〉 ⊗ |0〉
component has no excitations to transfer. A direct gen-
eralization beyond this known state fails: the initial state
|g〉 ⊗ |n〉+ |n+ 1〉√
2
(10)
only generates coherence
C(t) =
∣∣∣∣sin(Ωnt2
)
cos
(
Ωn−1t
2
)∣∣∣∣ , (11)
which equals 1 if and only if n = 0 and sin
(
Ω0t
2
)
=
1. The presence of different quantized Rabi frequencies
Ωn whose ratio is irrational prohibits perfect coherence
generation.
Yet it is straightforward to generalize this idea and
determine which field states create the most coherence,
by inspecting the general solutions to the JCM beginning
in the ground state:
|g〉 ⊗
∞∑
n=0
cn |n〉 → |ψ(t)〉 = c0 |g〉 ⊗ |0〉+
∞∑
n=0
cn+1e
−inωt
×
[
cos
(
Ωnt
2
)
|g〉 ⊗ |n+ 1〉 − i sin
(
Ωnt
2
)
|e〉 ⊗ |n〉
]
.
(12)
The coherence measure (7) is given by
C (t) = 2
∣∣∣∣∣
∞∑
n=0
c∗n+1cn sin
(
Ωnt
2
)
cos
(
Ωn−1t
2
)∣∣∣∣∣ . (13)
An ideal field state must balance on the one hand a
narrow distribution of Rabi frequencies in order to keep
sin
(
Ωnt
2
)
cos
(
Ωn−1t
2
)
≈ 12 – corresponding to a narrow
distribution |cn|2 – and on the other hand a large over-
lap |cn+1cn| – corresponding to a broad distribution |cn|2.
Ideally, the peak of the distribution will occur at the max-
imum of the trigonometric terms, and the trigonometric
terms will vary slowly near this point. In the large-n¯
limit, this is achieved by pi2 pulses with Ω0t
√
n¯ ≈ pi2 , just
like the classical solution: near this n¯, the trigonometric
terms can be approximated by
sin
(
Ωn¯t
2
)
cos
(
Ωn¯−1t
2
)
≈ 12
[
1 +
pi
8n¯
+O
(
1
n¯2
)]
.
(14)
The previous consideration sets the mean of the
photon-number distribution to correspond to pi2 pulses;
next we optimize its variance. If the product c∗n+1cn is
proportional to 1− pi8n¯ , this matches the O
(
1
n¯
)
term such
that C deviates from unity as O ( 1n¯2 ). A balance can
thus be found by states whose photon-number variance
σ2 achieves this match:
|cn¯+δ|2 = |cn¯|2 exp
(
− δ
2
2σ2
)
⇒ |cn¯+1cn¯| = |cn¯|2e−
1
4σ2 ≈ |cn¯|2
(
1− 1
4σ2
)
;
(15)
the O ( 1n¯) term of C vanishes when the variance is σ2 =
2n¯
pi . This number squeezing by a factor of
2
pi relative to
coherent states with σ2 = n¯, the optimal amount found
by Ref. [8], is best matched to the slightly-broadened
distribution of the trigonometric coefficients (14).
This number-squeezing result is approximate; remark-
ably, we can find a perfect balance by further examining
(12). In each photon-number subspace we compute
〈n|ψ(t)〉 = e−inωt
×
[
cne
iωt cos
(
Ωn−1t
2
)
|g〉 − i sin
(
Ωnt
2
)
cn+1 |e〉
]
.
(16)
The desired atomic states require a series of pairs of
equalities between adjacent excitation manifolds:
cne
iωt cos
(
Ωn−1t
2
)
= −i sin
(
Ωnt
2
)
cn+1, (17)
which, for normalization constant N =∑∞
n=0 |cn|2 cos2
(
Ωn−1t
2
)
, leads to
|ψ(t)〉 = |g〉+ |e〉√
2
⊗ 1√N
∞∑
n=0
cne
−inωt cos
(
Ωn−1t
2
)
|n〉 .
(18)
Equation (17) defines a recursion relation for the field-
state coefficients. Whenever this series truncates, an ar-
bitrary perfectly-coherent state (1) can be created that
is completely separable from the optical field and can be
used for quantum tasks.
These generalized field states achieve perfect coherence
generation, and are thereby transcoherent states, when-
ever (17) truncates and N is finite. This is equivalent
to the highest-excitation manifold undergoing a pi pulse.
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FIG. 1. Probability distribution for “transcoherent” field
states that perfectly create coherent atomic states from |g〉 in
time t. Also plotted are the (Poissonian) probability distribu-
tions for coherent states that are classically used for pi
2
pulses.
The ideal field state distributions approach slightly-number-
squeezed coherent states as t decreases and the average energy
increases.
Since the interaction time t can be controlled experimen-
tally, there is an infinite family of solutions
tnmax =
pi
Ωnmax−1
(19)
that together with (17) achieve perfect coherence gener-
ation. At t1 we exactly recover the earlier solution (4)
and single-excitation pi pulse Ω0t = pi; our results di-
rectly generalize this by adding increasingly-many terms
to the initial superposition, corresponding to quantized
pi pulses for the maximal-excitation-number manifold
Ω0tnmax =
pi√
nmax
so that there is no probability of mea-
suring the state to be |g〉 ⊗ |nmax〉. That the recursion
relation (17) does not diverge is equivalent to none of the
intermediate excitation manifolds undergoing any integer
multiple of a pi pulse. The nth excitation manifold must
contribute to both adjacent photon-number subspaces |n〉
and |n− 1〉 for all n < nmax, and the nmaxth-excitation
manifold must only contribute to the (nmax − 1)-photon
subspace.
Of note, the times for coherence transfer correspond
to pi pulses for the maximal photon numbers, while the
classical optimal solutions correspond to pi2 pulses for the
average photon numbers. The coherence is transferred
in a time that scales with 1√
n¯
, increasing in speed with
increased input energy. This is faster by a factor of n¯
than the approximate solutions found in Refs. [39–42].
We plot some of these optimal states in Fig. 1.
III. OTHER TRANSCOHERENT STATES
Before exploring the properties and ramifications of
maximal coherence transfer we comprehensively show
other methods of achieving the same goal that are less
experimentally friendly. Classically, one can create the
state (1) using not only pi2 pulses, but also (2k + 1)
pi
2
pulses for any integer k. It turns out that for even k there
exist transcoherent field states that will perfectly trans-
fer coherence to |g〉, and for odd k there exist transco-
herent field states that will perfectly transfer coherence
to |e〉. All of these pulses take longer than our initially-
mentioned pi2 pulses, and more average energy in the field
states, so we will later focus our analysis on the original
set of pulses.
Every excitation manifold with states |±, n〉 can con-
tribute to photon-number subspaces with adjacent val-
ues n and n + 1. To achieve perfect coherence transfer,
the lowest-excitation manifold must not contribute any
amplitude to the state |e〉 ⊗ |nmin − 1〉, and the highest-
excitation manifold must not contribute any to the state
|g〉⊗ |nmax + 1〉. Our earlier states ensured this property
by achieving no evolution in the zero-excitation manifold
and a pi pulse in the highest-excitation manifold.
When the atom begins in |g〉 we can achieve perfect
coherence transfer when the lowest-excitation manifold
undergoes a (2k)pi pulse and the highest a (2k+1)pi pulse.
As long as the intervening coefficients satisfy the recur-
sion relation (17), the atomic state (1) will be perfectly
created. The solutions for k > 0 correspond to the peri-
odic stationary points of the recursion relation (17) and
the corresponding periodic maxima of the trigonometric
terms [c.f. (14) and Appendix A].
When the atom is initially excited, perfect coher-
ence transfer can be achieved with a (2k + 1)pi pulse
in the lowest-excitation manifold that is simultaneously
a (2k + 2)pi pulse in the highest. The atom-field state
|e〉 ⊗∑n cn |n〉 evolves to
|ψ(t)〉 =
∞∑
n=0
e−inωt |n〉
⊗
[
cne
−iωt cos
(
Ωnt
2
)
|e〉 − cn−1i sin
(
Ωn−1t
2
)
|g〉
]
,
(20)
where the c−1 coefficient can safely be ignored because
Ωn−1 = 0. The recursion relation
cn = cn−1
−ieiωt sin
(
Ωn−1t
2
)
cos
(
Ωnt
2
) (21)
is required to make 〈n|ψ(t)〉 maximally coherent for
nmin ≤ n < nmax. This, together with a time Ωnmint =
(2k+1)pi, perfectly produces a coherent atomic state from
an initially-excited atomic state (see Fig. 2).
The above results can also be concatenated to yield
new transcoherent states that perfectly generate (1).
For example, when the atom begins in |g〉 and we wait
a time Ω0t
√
nmax = pi, the coefficients between any
c(2k)2nmax and c(2k+1)2nmax can be populated according
to the recursion relation (17), so long as the coefficients
between any c(2k+1)2nmax and c(2k+2)2nmax are always
zero. Equivalently, when the atom begins in |e〉 and
5●●●
●
●
●
●
●
●
●
●
●●●●●●■■■■■■
■
■
■
■
■
■
■
■
■
■
■
■■■■■■■■■■■■◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆
◆
◆
◆
◆
◆
◆
◆◆
◆
◆
◆
◆
◆
◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲
▲
▲
▲
▲
▲
▲
▲▲▲
▲
▲
▲
▲
▲
▲
▲▲▲▲▲▲▲▲▲▲▲▲▲▲
● π Ω0t
2 5; α 3.21
■ π Ω0t
2 9; α 4.40
◆ π Ω0t
2 18; α 6.29
▲ π Ω0t
2 36; α 8.95
0 20 40 60 80 100
0.00
0.05
0.10
0.15
0.20
0.25
0.30
n
|c
n
2
FIG. 2. Probability distribution for field states that perfectly
create coherent atomic states from |e〉 in time t. Also plot-
ted are the (Poissonian) probability distributions for coherent
states that are classically used for 3pi
2
pulses. The ideal field
state distributions approach number-squeezed coherent states
as t decreases and the average energy increases; the number
squeezing is much more significant than in Fig. 1.
we wait a time Ω0t
√
nmin + 1 = pi, the coefficients be-
tween any c(2k+1)2(nmin+1)−1 and c(2k+2)2(nmin+1)−1 can
be populated according to the recursion relation (21),
so long as the coefficients between c(2k)2(nmin+1)−1 and
c(2k+1)2(nmin+1)−1 are always zero. Superpositions of
these concatenated solutions comprise the full set of
transcoherent field states that can be used to perfectly
generate coherent atomic states.
IV. INVESTIGATING THE TRANSCOHERENT
STATES THAT YIELD PERFECT pi
2
PULSES
Perfect coherence generation occurs at a discrete set
of times Ω0tnmax = pi/
√
nmax corresponding to pi pulses
for each possible maximum photon number. Although
this set approaches a continuum as nmax grows, and one
can always turn off the interaction at some tnmax and
wait t − tnmax in order to achieve perfect atomic coher-
ence at an arbitrary time t, there are other strategies for
maximizing the coherence generated at arbitrary times.
Crucial insight comes from our perfect solutions (17) and
the form of the coherence measure (13). The coher-
ence measure looks like an inner product between vec-
tors with components cn cos
(
Ωn−1t
2
)
and cn+1 sin
(
Ωnt
2
)
;
the Cauchy-Schwarz inequality dictates that the recur-
sion relation (17) maximizes this inner product. This
realization can be applied at any time t so long as the
vectors are normalized.
The recursion relation (17) only truncates at the afore-
mentioned discrete set of times. We can manually trun-
cate the recursion relation at nmax =
⌈(
pi
Ω0t
)2⌉
to find
field states that produce almost perfect coherence due
to their maximization of the Cauchy-Schwarz inequal-
0.5 1 2
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-15
10
-12
10
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10
-6
0.001
1
Ω0t
1
-

FIG. 3. Gap 1−C between perfect coherence and that achiev-
able with our truncated optimized states (solid blue curve)
and coherent-state pi
2
-pulses (red dashed curve). Perfect co-
herence generation C = 1 occurs whenever Ω0t = pi/√n.
At intermediate times, a few coefficients cn are sufficient for
transferring near-perfect coherence; the difference between C
and 1 reaches machine precision for Ω0t ≈ pi/
√
13. Coherent
states with α =
√
n¯, in comparison, have failure rates that
only scale with 1
α2
(i.e., with t2). All scales are logarithmic.
ity. While truncating at smaller or larger values of nmax
is still conducive to coherence generation, our choice of
nmax is as close as possible to a pi pulse for the highest-
excitation manifold, avoiding extraneous generation of
the |g〉 ⊗ |nmax〉 state. For times corresponding to nmax
as small as two, the coherence obeys C ≥ 0.997; a max-
imum of three or more photons in the initial field state
increases the coherence beyond C ≥ 0.9999. In Fig. 3 we
plot the deviation from unity of the coherence measure
found from such a truncated series. It is readily apparent
that such field states are phenomenal at transferring co-
herence and are much more effective than coherent states.
Another way of analysing these transcoherent states is
through an expansion of (17). The peak of the distribu-
tion is found when |cn+1| = |cn|, which occurs precisely
when
sin
(
Ωn¯t˜
2
)
= cos
(
Ωn¯−1t˜
2
)
, (22)
corresponding to a time defined by
Ω0t˜ = pi
(√
n¯+ 1−√n¯
)
≈ pi
2
√
n¯
, n¯ 1, (23)
which approaches a pi2 pulse in the large-n¯ limit. Inverting
(23), the peak photon number is
n¯ =
(
pi
2Ω0t˜
− Ω0t˜
2pi
)2
≈ 1
4
(
pi
Ω0t˜
)2
, Ω0t˜ pi. (24)
When n¯ is not an integer, it is clear that the coefficients
with the largest magnitudes are cbn¯c and cdn¯e. The loca-
tion of this peak bears strong resemblance to the cutoff
6times Ω0tn = pi/
√
n. Since there is only one time involved
in the problem, the field state’s peak, corresponding to
its average photon number, will occur at n¯ ≈ 14nmax.
Choosing a fixed t˜ and expanding (17) about n¯(t˜) uses
the relation
cos
[
pi
2
(√
1 + n¯−√n¯)√n¯+ δ]
sin
[
pi
2
(√
1 + n¯−√n¯)√n¯+ δ + 1] ≈ 1− δpi4n¯ . (25)
This yields a probability distribution for the coefficients
that satisfies the approximate difference equation
cn¯+δ − cn¯
δ
≈ −δpi
4n¯
cn¯ ⇒ ∂c(δ)
∂δ
≈ −δpi
4n¯
c(δ), (26)
which conforms to the number-squeezed Gaussian distri-
bution required by (15). Indeed, in the large-n¯ limit, we
have verified numerically that the probability distribu-
tions
{
|cn|2
}
quickly converge to Gaussians with mean
n¯ and variances σ2 = 2pi n¯. We show in Appendix A that
the perfect (2k + 1)pi2 pulses always approach Gaussian
distributions that are number squeezed by a factor of
(2k + 1)pi2 .
In terms of average photon number, the optimal times
approach
Ω0
√
n¯t˜ ≈ pi
2
. (27)
While the optimal pulses correspond to pi pulses for the
maximum photon number nmax, the overall pulse area
tends to a pi2 pulse. This is what the classical solution
mimics: the optimal average intensity is a pi2 pulse be-
cause of the large-n¯ limit of (24). The fundamental con-
straint for perfect coherence generation is the pi pulse of
(19); we recover (27)’s pi2 -pulse constraint in the classical
limit.
As per Appendix B, these pulses can be exactly undone
by allowing for a free atomic evolution that acquires a
phase ωt−pi in (18) (i.e., waiting a time ωτ = pi−ωt+2pik
for k ∈ Z) before turning on the JCM interaction to enact
a reverse quantum pi2 pulse, or by using a quantum kick
to achieve the same phase evolution [47]. Because the
atom and field are separable, the reverse pulse can even
be enacted over a different period tn′ than the initial
pi
2 pulse. Our idealized
pi
2 pulses can now be used for
Ramsey interferometry, quantum information processing,
and more, absent the residual atom-field entanglement
generated by standard pi2 pulses.
V. APPLICATION OF TRANSCOHERENT
STATES TO QUANTUM CATALYSIS
One pertinent application of these ideal states is the
quantum catalysis scheme proposed by Ref. [46] and re-
cently refined by Refs. [8, 48]. The main idea is to use
the same field state more than once to create atomic co-
herent states. To do so, one must consider the likelihood
not only of a given field state successfully creating an
atomic coherent state but also of the updated field state
successfully creating an atomic coherent state. In this
language it is more natural to consider the probability
measure (6) than the related coherence measure C. Since
our ideal field states are infinitely more successful at cre-
ating atomic coherent states (i.e., the probability of fail-
ure for any other state is infinitely higher than for the
ideal states), we predict the former to be more robust to
measurement backaction than regular coherent states and
thus able to successfully catalyze more coherent atomic
state generation events.
Strictly, catalysts experience no backaction; in truth,
a field state with finite energy can only be used a finite
number of times before degrading, due to the change in
field state following coherence transfer. This is the case
when the atoms start in their ground states, due to con-
servation of energy, and is also the case when the atoms
start in their excited states due to the finite total amount
of coherence. We proceed by discussing coherent cataly-
sis in the context of atomic ground states, which are eas-
ier to implement experimentally; incidentally, the field
states seem to be more robust to measurement backac-
tion when the atoms are initially in their ground states.
After evolving to state (18), can the new field state
1√N
∑
n
cne
−inωt cos
(
Ωn−1t
2
)
|n〉 (28)
be reused to create another atomic coherent state? It
will never be able to do so perfectly because it does not
satisfy (17). We evolve this state using (12), calculate
the probability of successfully creating a second coherent
state using (6), and maximize the result with respect to
a new interaction time t. The results for these optimiza-
tions are plotted in Fig. 4. The probability of success for
the second catalysis event is significantly greater than the
probability that a coherent state catalyzes even a single
event in the initial time Ωt (Fig. 3), but the probability
of failure is now nonzero at all subsequent times. To go
further with coherent catalytic models, one must quantify
the probability of success of a series of catalysis events
each conditioned on the success of the previous event,
which is no longer guaranteed.
We iterate this process to determine the overall proba-
bility of consecutively creating N atomic coherent states.
Conservation of energy dictates that a field state with a
fixed initial energy n¯ can act as a catalyst for the process
|g〉 → |g〉+ |e〉√
2
(29)
at most N = 2n¯ times. While both coherent states
and our ideal states are useful for all N reactions, the
ideal states outperform coherent states for all N reac-
tions. The overall failure probability for transcoherent
states is on the order of 1n¯ times the failure probability
for coherent states (Figs. 5). States that perfectly trans-
fer coherence to atoms are extremely useful for coherent
catalysis.
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FIG. 4. Usefulness of an ideal, transcoherent field state in
creating a second maximally coherent atomic state. Plotted
is the failure probability 1 − P0 of creating a second atomic
coherent state after having perfectly transferred coherence to
a first atom over a duration Ω0t = pi/
√
n, on a logarithmic
scale (blue dots). The failure rates are incredibly small and
decrease precipitously with decreasing time and increasing
average photon number; for scale we include the power law
10−4 (Ω0t)
5.4 (dashed green line).
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FIG. 5. Probability that a single field state successfully “cat-
alyzes” a sequence of reactions taking a series of atoms in state
|g〉 to atomic coherent states. The initial field states have av-
erage photon number of either ≈ 100, to permit comparison
with the scheme from Refs. [8, 48] using coherent states, or
≈ 25. The ideal initial field states found using (17) signifi-
cantly outperform coherent states. The reactions maintain a
90% total success probability for 2n¯ reactions.
It is possible to overcome the limitations of canonical
coherent states for generating atomic coherence, by using
tailored states of light we term “transcoherent states”
because they surpass coherent states in their ability to
transfer coherence. These states generate atomic su-
perpositions with maximal dipole moments and with-
out residual atom-field entanglement, fulfilling the bro-
ken promise of semiclassical pi2 pulses in a fully-quantized
domain.
The idealized pulses can create atomic superpositions,
useful for quantum tasks in information processing, ther-
modynamics, and beyond, in arbitrarily short times.
They can be reused O(n¯) times with excellent success
rates, extending the notion of quantum catalysis [8, 46],
and they can replace standard pi2 pulses, with applications
including higher-precision measurements in Ramsey in-
terferometry [49] and its many applications [50–53]. All
of the other tasks requiring coherent atomic states can
similarly benefit from our schemes for maximal coher-
ence transfer.
The ideal states are well-suited to experimental gen-
eration. They are well-approximated in the large-n¯
limit by coherent states that are number squeezed by
−10 log10 2pi ≈ 2 dB, which is readily achievable [54, 55].
They can also be created by tailoring a few field exci-
tations in the small-n¯ limit using circuit QED [32]. For
quantized (2k + 1)pi2 pulses the squeezing requirement
increases by 10 log10(2k + 1) dB. While answering the
fundamental question of what limits coherence transfer
in the JCM, these results open the door to numerous ex-
citing applications that are poised to revolutionize the
modern world. We hope to see these intriguing states
implemented experimentally in the near future.
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Appendix A: Idealized (2k + 1)pi
2
pulses are number squeezed by (2k + 1)pi
2
We show that the idealized pulses that perfectly generate coherent atomic states approached number-squeezed
Gaussians, where the amount of number squeezing is exactly equal to the pulse area.
81. Atom initially in |g〉
The recursion relation (17) is stationary when sin
(
Ωn t˜
2
)
= cos
(
Ωn−1 t˜
2
)
. This happens when
Ω0t˜ = (4k + 1)pi
(√
n+ 1−√n) , k ∈ Z
≈
(
2pik +
pi
2
)√ 1
n
, n 1,
(A1)
and this maximum happens at n¯ when the lowest-excitation manifold undergoes a 2kpi pulse and the highest a (2k+1)pi
pulse [viz., a (4k + 1)pi2 pulse on average]. Expanding the recursion relation (17) around n¯ yields
cos
[
Ω0 t˜
2
√
n¯+ δ
]
sin
[
Ω0 t˜
2
√
n¯+ δ + 1
] ≈ 1− δpi(4k + 1)
4n¯
. (A2)
The coefficients satisfy the approximate difference equation
cn¯+δ − cn¯
δ
≈ −δpi(4k + 1)
4n¯
cn¯ ⇒ ∂c(δ)
∂δ
≈ −δpi(4k + 1)
4n¯
c(δ) ⇒ |c(δ)|2 ∝ exp
[
− (4k + 1)pi
4n¯
δ2
]
; (A3)
i.e., the probability distribution is Gaussian with σ2 = 2n¯(4k+1)pi . These (4k+1)
pi
2 pulses are therefore number squeezed
by (4k + 1)pi2 .
2. Atom initially in |e〉
The recursion relation (21) is stationary when sin
(
Ωn−1 t˜
2
)
= − cos
(
Ωn t˜
2
)
. This happens when
Ω0t˜ = (4k + 3)pi
(√
n+ 1−√n) , k ∈ Z
≈
(
2pik +
3pi
2
)√
1
n
, n 1,
(A4)
and this maximum happens at n¯ when the lowest-excitation manifold undergoes a (2k + 1)pi pulse and the highest a
(2k + 2)pi pulse [viz., a (4k + 3)pi2 pulse on average]. Expanding the recursion relation (21) around n¯ yields
− sin
[
Ω0 t˜
2
√
n¯+ δ
]
cos
[
Ω0 t˜
2
√
n¯+ δ + 1
] ≈ 1− δpi(4k + 3)
4n¯
. (A5)
The coefficients satisfy the approximate difference equation
cn¯+δ − cn¯
δ
≈ −δpi(4k + 3)
4n¯
cn¯ ⇒ ∂c(δ)
∂δ
≈ −δpi(4k + 3)
4n¯
c(δ) ⇒ |c(δ)|2 ∝ exp
[
− (4k + 3)pi
4n¯
δ2
]
; (A6)
i.e., the probability distribution is Gaussian with σ2 = 2n¯(4k+3)pi . These (4k+3)
pi
2 pulses are therefore number squeezed
by (4k + 3)pi2 .
Appendix B: Quantum pi
2
pulses can be reversed
The quantum pulses that perfectly catalyze the reaction ground-to-coherent-atomic-state reaction (29) can be
perfectly reversed. After the first pulse, the atom-field state is separable (17)-(18):
|ψ(t)〉 = |g〉+ |e〉√
2
⊗ 1√N
∑
n
cne
−inωt cos
(
Ωn−1t
2
)
|n〉 , cn+1 = cn
ieiωt cos
(
Ω0t
2
√
n
)
sin
(
Ω0t
2
√
n+ 1
) . (B1)
9Allowing the atom to freely evolve for a time τ , inspired by Ramsey interferometry, yields
|ψ(t; τ)〉 = |g〉+ e
−iωτ |e〉√
2
⊗ 1√N
∑
n
cne
−inωt cos
(
Ωn−1t
2
)
|n〉 . (B2)
Physically, this requires providing a new field state that has not evolved for a time τ to comprise the reverse pi2 pulse.
The new field state does not have to correspond to the same tn as the forward
pi
2 pulse and so can have a different
average energy than the first pulse.
Turning the interaction on for another time T leads to
|ψ(t; τ ;T )〉 ∝ c0 |g〉 ⊗ |0〉+
∞∑
n=0
cn+1e
−iω[(n+1)t+nT ] cos
(
Ωnt
2
)
×
[
cos
(
ΩnT
2
)
|g〉 ⊗ |n+ 1〉 − i sin
(
ΩnT
2
)
|e〉 ⊗ |n〉
]
+ cne
−iω[τ+nt+(n+1)T ] cos
(
Ωn−1t
2
)[
−i sin
(
ΩnT
2
)
|g〉 ⊗ |n+ 1〉+ cos
(
ΩnT
2
)
|e〉 ⊗ |n〉
]
.
(B3)
The overlap of this state with any excited state |e〉 ⊗ |n〉 is proportional to
cn+1e
−iωt cos
(
Ωnt
2
)[
−i sin
(
ΩnT
2
)]
+ e−iωτ−iωT cn cos
(
Ωn−1t
2
)[
cos
(
ΩnT
2
)]
= cn cos
(
Ωn−1t
2
)[
1
sin
(
Ωnt
2
) cos(Ωnt
2
)
sin
(
ΩnT
2
)
+ e−iωτ−iωT cos
(
ΩnT
2
)]
.
(B4)
This clearly vanishes whenever the second pulse has the same duration as the first T = t and the free evolution time
interferes perfectly with the atomic transition frequency ω(τ + t) = pi + 2pik, k ∈ Z.
That the reverse pulse is viable after large τ enables enhanced Ramsey interferometry with entanglement-free pulses.
Since the states are initially separable, any reverse pulse with Ωnt = pi can be used for the backward evolution.
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